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A graph is called tri-Cayley if it admits a semiregular subgroup of
automorphisms having three orbits of equal length. In this paper,
the structure of strongly regular tri-Cayley graphs is investigated. A
structural description of strongly regular tri-Cayley graphs of cyclic
groups is given.
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1. Introductory remarks
Strongly regular graphs have been an interesting topic of research for quite some time now,
resulting in a number of papers addressing questions about their existence and uniqueness [5,6],
constructions [4,10,13,21], and structure [1,8,9,22].
Particular attention has been given to questions regarding strong regularity for various classes of
graphs satisfying certain special symmetry conditions. For example, by a classical result of Bridges and
Mena [3] it is known that the well-known Paley graphs are the only strongly regular graphs among
Cayley graphs of cyclic groups. (For a prime power q congruent to 1 modulo 4, the Paley graph P(q)
has vertex-set GF(q)with two distinct elements being adjacent if their difference is a square.)
More recently, this result has been generalized to Cayley graphs of the group Zpn ⊕ Zpn with a
classification given in [16], and to Cayley graphs of dihedral groups with a classification given in [20]
(in a context of a classification of distance-regular Cayley graphs of dihedral groups). Cayley graphs
of dihedral groups may be viewed as a special case of bi-Cayley graphs of Abelian groups, that is,
graphs admitting a semiregular Abelian subgroup of automorphismshaving twoorbits of equal length.
(In this particular case, the Abelian subgroup in question is the cyclic group of index 2.) A complete
classification of the entire class of strongly regular bi-Cayley graphs of Abelian groups is presently
beyond our reach, one reason being that these graphs seem to be rather rare. For example, there are, to
the best of our knowledge only seven nontrivial complementary pairs of strongly regular bicirculants,
that is, bi-Cayley graphs of cyclic groups [18]. Nevertheless, some partial structural results have been
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obtained, see [14,19,23]. Let us remark that the strong regularity question for Cayley and bi-Cayley
graphs is related to the notions of partial difference sets [7,15] and partial difference triples [14], giving
an additional flavor to the above research.
In this paper we continue with this line of research by investigating the structure of strongly
regular tri-Cayley graphs, that is, graphs admitting a semiregular subgroup of automorphisms having
three orbits of equal length. In Section 3 we consider strongly regular tri-Cayley graphs making no
restriction on the group in question. In Section 4 we focus on strongly regular tri-Cayley graphs on
Abelian groups. Making further restriction to cyclic groups in Section 5 we obtain the main results of
this paper, by giving a structural description of strongly regular tri-Cayley graphs of cyclic groups, in
short, tricirculants (see Theorem 5.3). We conclude the paper by presenting six complementary pairs
of nontrivial strongly regular tricirculants.
As for the examples of strongly regular tri-Cayley graphs over noncyclic groups, observe that
the Paley graph P(3n), n an even integer, is strongly regular tri-Cayley graph over the group Zn−13 .
Moreover, as there are no nontrivial strongly regular graphs on 18, 24 or 30 vertices, it is clear that
a nontrivial strongly regular tri-Cayley graph of a nonAbelian group must have at least 36 vertices.
Such strongly regular graphs actually do exist, an example is TCay(D6; A, B, C; R, S, T ), where D6 =
〈ρ, τ |ρ6, τ 2, (τρ)2〉 is the dihedral group of order 6 and
A = {τ , τρ3}, B = {τρ, τρ2}, C = {τ , τρ5},
R = {id, ρ, ρ3, ρ5, τρ4, τρ5}, S = {id, ρ2, ρ3, ρ5, τ , τρ4},
T = {ρ2, ρ3, ρ4, ρ5, τ , τρ4}
(see Section 2.2 for the definition of the graphs TCay(G; A, B, C; R, S, T )).
2. Preliminaries
In this section we recall the definitions and some basic properties of strongly regular graphs, tri-
Cayley graphs and group algebras. Throughout this paper, all graphs are finite and undirected, without
loops or multiple edges. Given a graph X we let V (X) and E(X) be the vertex-set and the edge-set of X ,
respectively. By the order of X wemean |V (X)|. For u ∈ V (X)we let N(u) be the set of neighbors of u.
2.1. Strongly regular graphs
Let k be a non-negative integer. A graph X is called regular with valency k provided |N(u)| = k for
all u ∈ V (X). Assume X is regular with valency k and order v, and let λ,µ be non-negative integers.
Then X is called strongly regular with parameters (v, k, λ, µ) (for short, (v, k, λ, µ)-strongly regular)
whenever every pair of adjacent vertices of X has λ common neighbors, and every pair of distinct
nonadjacent vertices of X has µ common neighbors. It is well-known that X is strongly regular if and
only if its complement X is strongly regular.
For the sake of completeness we recall some basic properties of strongly regular graphs (for details
we refer the reader to [11,12]). For the rest of this subsection assume that X is (v, k, λ, µ)-strongly
regular. We call X trivial whenever either X or X is disconnected (and thus isomorphic to a disjoint
union of v/(v− k) complete graphs of order v− k). Note that X is trivial if and only ifµ = 0 orµ = k.
The parameters v, k, λ and µ of X satisfy the following divisibility condition:
k(k− λ− 1) = µ(v − k− 1). (1)
Throughout this paper we let β = λ − µ and ∆ = √β2 + 4(k− µ). If X is nontrivial, then it has
exactly three different eigenvalues k, θ and τ , where
θ = β +∆
2
> 0 and τ = β −∆
2
< 0. (2)
Observe also that
λ = µ+ θ + τ , µ = k+ θτ . (3)
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Denoting the multiplicities of k, θ and τ withmk,mθ andmτ respectively, we have
mk = 1, mθ = −k(τ + 1)(k− τ)
(k+ θτ)(θ − τ) and mτ = v −mθ − 1. (4)
The graph X is called a conference graph ifmθ = mτ . In this case its parameters satisfy
(v, k, λ, µ) = (v, (v − 1)/2, (v − 5)/4, (v − 1)/4). (5)
If X is not a conference graph then∆, θ and τ are all integers.
2.2. Tri-Cayley graphs
An arbitrary graph X is said to be a tri-Cayley graph over a group G whenever it admits G as a
semiregular automorphism group with three orbits of equal size. Note that in this case |V (X)| = 3n,
where n is the order of G. If G is cyclic, then X is called a tricirculant graph, in short tricirculant.
We now give an alternative definition of graphs which turn out to coincide with the family of tri-
Cayley graphs (see Proposition 2.1). LetG be a groupwith identity e, and let A, B, C , R, S and T be subsets
of G such that A, B and C are inverse-closed and e 6∈ A∪ B∪ C . Then we let TCay(G; A, B, C; R, S, T ) be
the graph with vertex-set Z3 × G and adjacencies defined by the following rules:
(0, g) ∼ (0, ag) for a ∈ A, (0, g) ∼ (1, rg) for r ∈ R;
(1, g) ∼ (1, bg) for b ∈ B, (1, g) ∼ (2, sg) for s ∈ S;
(2, g) ∼ (2, cg) for c ∈ C, (2, g) ∼ (0, tg) for t ∈ T .
The proof of the following observation is elementary and therefore left to the reader.
Proposition 2.1. Let G be a group with identity e and let A, B, C, R, S and T be subsets of G such that A, B
and C are inverse-closed and e 6∈ A ∪ B ∪ C. Let X = TCay(G; A, B, C; R, S, T ). Then the following hold:
(i) X = TCay(G;G \ (A ∪ {e}),G \ (B ∪ {e}),G \ (C ∪ {e});G \ R,G \ S,G \ T );
(ii) X and X are tri-Cayley graphs over G.
Moreover, every tri-Cayley graph over G is isomorphic to some TCay(G; A, B, C; R, S, T ).
2.3. Group algebras
As mentioned in the introduction, the aim of this paper is to investigate strongly regular tri-
Cayley graphs. Working in the context of group algebras over the ring of integers turns out to be very
convenient. We now recall some basic definitions.
Given a group G the group algebra ZG of G over the ring of integers Z is the set of all formal sums∑
g∈G agg , where ag ∈ Z, equipped with binary operations:∑
g∈G
agg +
∑
g∈G
bgg =
∑
g∈G
(ag + bg)g,(∑
g∈G
agg
)(∑
h∈G
bhh
)
=
∑
g,h∈G
(agbh)(gh) =
∑
g∈G
(∑
h∈G
ahbh−1g
)
g,
and scalar multiplication
α
∑
g∈G
agg =
∑
g∈G
(αag)g.
In addition, for each element
∑
g∈G agg ∈ ZG and each integer jwe let(∑
g∈G
agg
)(j)
=
∑
g∈G
agg j.
Throughout this paper we use the same symbol, say S, to denote a subset of a group G as well as its
corresponding element S =∑g∈S g of the group algebra ZG. This should cause no confusion.
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3. The general case
In this section we study strongly regular tri-Cayley graphs over an arbitrary group G. We start with
the following result which reveals the connection between these graphs and the group algebra ZG.
Proposition 3.1. Let X = TCay(G; A, B, C; R, S, T ) be a k-valent tri-Cayley graph over a group G of order
n. Then X is strongly regular with parameters (3n, k, λ, µ) if and only if the sets A, B, C, R, S, T satisfy the
following equations in the group algebra ZG:
A2 + R(−1)R+ TT (−1) = λA+ µ(G− A− e)+ ke = βA+ µG+ (k− µ)e (6)
B2 + S(−1)S + RR(−1) = λB+ µ(G− B− e)+ ke = βB+ µG+ (k− µ)e (7)
C2 + T (−1)T + SS(−1) = λC + µ(G− C − e)+ ke = βC + µG+ (k− µ)e (8)
RA+ BR+ S(−1)T (−1) = λR+ µ(G− R) = βR+ µG (9)
SB+ CS + T (−1)R(−1) = λS + µ(G− S) = βS + µG (10)
TC + AT + R(−1)S(−1) = λT + µ(G− T ) = βT + µG. (11)
Proof. Let g ∈ G.
Claim. The coefficient of g in the group algebra element A2 + R(−1)R + TT (−1) equals the number of
common neighbors of vertices (0, e) and (0, g) in X.
Proof of the claim. If (0, h) is a common neighbor of (0, e) and (0, g), then h ∈ A and g = ah for
some a ∈ A. Therefore, the cardinality of ({0} × G) ∩ N((0, e)) ∩ N((0, g)) equals the coefficient of g
in the group algebra element A2.
If (1, h) is a common neighbor of (0, e) and (0, g), then h ∈ R and h = rg for some r ∈ R. Hence
g = r (−1)h, and so the cardinality of ({1} × G) ∩ N((0, e)) ∩ N((0, g)) equals the coefficient of g in
the group algebra element R(−1)R.
If (2, h) is a common neighbor of (0, e) and (0, g), then h−1 ∈ T and g = th for some t ∈ T . Hence
the cardinality of ({2} × G) ∩ N((0, e)) ∩ N((0, g)) equals the coefficient of g in the group algebra
element TT (−1). This finishes the proof of the claim.
On the other hand, the coefficient of g in the group algebra element λA+ µ(G− A− e)+ ke is λ
if g ∈ A, is µ if g ∈ G \ (A ∪ {e}) and is k if g = e. Furthermore, note that if g ∈ A (g ∈ G \ (A ∪ {e}),
respectively), then (0, e) and (0, g) are adjacent (nonadjacent, respectively).
Assume first that (6) holds. Then it follows from the claim and the above comments that every
pair of adjacent (nonadjacent, respectively) vertices from {0} × G have λ (µ, respectively) common
neighbors.
Assume next that X is (3n, k, λ, µ)-strongly regular. It follows from the claim and the above
comments that |N((0, e))∩N((0, g))| = λ if g ∈ A, and |N((0, e))∩N((0, g))| = µ if g ∈ G\(A∪{e}).
Hence Eq. (6) holds.
Interpreting Eqs. (7)–(11) in a similar way and using the fact that {0} × G, {1} × G and {2} × G are
orbits of G, it is now clear that X is strongly regular if and only if Eqs. (6)–(11) all hold. 
Assume that X = TCay(G; A, B, C; R, S, T ) is a strongly regular tri-Cayley graph with parameters
(3n, k, λ, µ). Observe that (6)–(11) imply the following equations involving the cardinalities of the
sets A, B, C, R, S and T :
|A|2 + |R|2 + |T |2 = β|A| + µ(n− 1)+ k (12)
|B|2 + |S|2 + |R|2 = β|B| + µ(n− 1)+ k (13)
|C |2 + |T |2 + |S|2 = β|C | + µ(n− 1)+ k (14)
|R|(|A| + |B|)+ |S||T | = β|R| + µn (15)
|S|(|B| + |C |)+ |T ||R| = β|S| + µn (16)
|T |(|C | + |A|)+ |R||S| = β|T | + µn. (17)
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Furthermore, since X is regular with valency kwe have
|A| + |R| + |T | = |B| + |R| + |S| = |C | + |S| + |T | = k, (18)
which further implies
|A| − |B| = |S| − |T |, |A| − |C | = |S| − |R| and |B| − |C | = |T | − |R|. (19)
Therefore, the following three cases can occur:
(i) |R| = |S| = |T | (which occurs if and only if |A| = |B| = |C |);
(ii) exactly two of |R|, |S|, |T | are equal (which occurs if and only if exactly two of |A|, |B|, |C | are
equal);
(iii) |R|, |S|, |T | are pairwise different (which occurs if and only if |A|, |B|, |C | are pairwise different).
Note also that in case (ii) above we can without loss of generality assume |R| = |S| 6= |T | (which
occurs if and only if |A| = |C | 6= |B|). In what follows we study the above cases in more detail.
Proposition 3.2. Let X = TCay(G; A, B, C; R, S, T ) be a strongly regular tri-Cayley graph with
parameters (3n, k, λ, µ). If |R| = |S| = |T |, then
|R| = 2k− β ±∆
6
and |A| = k+ β ∓∆
3
. (20)
Proof. Note that since |R| = |S| = |T | we also have |A| = |B| = |C | by (19). Furthermore, (15) and
(18), respectively, imply
2|R||A| + |R|2 = β|R| + µn and |A| + 2|R| = k.
Solving these two equations for |A| and |R| and simplifying (using the divisibility condition (1)) we
obtain the desired result. 
Proposition 3.3. Let X = TCay(G; A, B, C; R, S, T ) be a strongly regular tri-Cayley graph with
parameters (3n, k, λ, µ). If |R|, |S|, |T | are not all equal then
|A| + |B| + |C | = k+ β, |A| − |S| = |B| − |T | = |C | − |R| = β
2
. (21)
Moreover, if |R| = |S| 6= |T | (which is equivalent to |A| = |C | 6= |B|), then
|R| = 2k− β ±∆
6
, |T | = 2k− β ∓ 2∆
6
, |A| = 2k+ 2β ±∆
6
and |B| = k+ β ∓∆
3
. (22)
Proof. Note that without loss of generality we may assume |R| 6= |T |, which by (19) is equivalent to
|B| 6= |C |. Subtracting (14) from (13) and rearranging the obtained equation we find
(|B| − |C |)(|B| + |C | − β) = (|T | − |R|)(|T | + |R|).
But since |B| − |C | = |T | − |R| by (19) and since |B| 6= |C |, this yields
|B| + |C | − β = |T | + |R|. (23)
By (18) we have that |T | + |R| = k− |A|, and so (23) implies that |A| + |B| + |C | = k+ β . Moreover,
by this and (18) we have
2|A| − 2|S| = |A| − |R| − |T | − 2|S| + k
= (|A| + |B| + |C |)− (|B| + |R| + |S|)− (|C | + |S| + |T |)+ k = β,
implying |A| − |S| = β/2. Eq. (19) now gives us |B| − |T | = |C | − |R| = β/2.
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Finally, assume in addition that |R| = |S|. Then using (18) we find |A| + |B| = 2k − 3|R| − |T |.
Combining this with (15) we obtain 3|R|2 + (β − 2k)|R| + µn = 0. Solving this equation for |R| and
simplifying the result using (1) we find that |R| = (2k − β ± ∆)/6. The remaining equations now
follow from (21). 
Corollary 3.4. Let X = TCay(G; A, B, C; R, S, T ) be a nontrivial tri-Cayley (3n, k, λ, µ)-strongly
regular graph over a group G. Then∆ is an integer.
Proof. As we mentioned in Section 2, ∆ is an integer unless X is a conference graph. However, in
this case we have β = −1 and ∆ = √3n by (5). Now if |R|, |S| and |T | are not all equal, then
|A|− |S| = −1/2 by (21), a contradiction. Hence |R| = |S| = |T | = (3n±√3n)/6, by Proposition 3.2,
implying that
√
3n is an integer. 
Proposition 3.5. Let X = TCay(G; ∅, B,∅; R, S, T ) be a nontrivial tri-Cayley (3n, k, λ, µ)-strongly
regular graph over a group G. Then B = ∅.
Proof. Suppose on the contrary that B is nonempty. Since |A| = 0, Proposition 3.3 implies that
2k+ 2β ±∆ = 0. As X is nontrivial we have k+ β > 0, and so
∆ = 2k+ 2β. (24)
Moreover, by (21), |S| = |R| = − β2 , and so connectedness of X forces β to be a negative even integer.
Combining together (2) and (24) we thus have that
θ = k+ 3β
2
> 0, and τ = −k− β
2
. (25)
By (3) we thus have 0 < µ = −k2 − k(2β − 1)− 3β2/4, implying
k <
1− 2β +√β2 − 4β + 1
2
. (26)
Combining together (25) and (26) we thus have
θ <
1+ β +√β2 − 4β + 1
2
≤ 3
2
.
Assume for the moment that X is a conference graph. Recalling that ∆ = √3n and combining (5)
and (24) we get that 3n2 − 7n + 3 = 0, a contradiction. Therefore θ is a positive integer, and so
θ = 1. Combining together (3) and (25) we find µ = − β2 . But now λ = β + µ = β2 is negative, a
contradiction. Thus B = ∅, as claimed. 
Proposition 3.6. Let X = TCay(G; A,∅, C; R, S, T ) be a nontrivial tri-Cayley (3n, k, λ, µ)-strongly
regular graph over a group G. If |A| = |C |, then (3n, k, λ, µ) ∈ {(9, 4, 1, 2), (15, 6, 1, 3), (27, 10, 1, 5)}.
Proof. Since X is nontrivial, we have k+ β > 0. Observe that
k+ β = ∆. (27)
Namely, if A = ∅ then this follows from Proposition 3.2, and if A 6= ∅ then this follows from
Proposition 3.3. Therefore, by (2),
θ = β + k/2 > 0, and τ = −k/2. (28)
If X is a conference graph, then (5) and (27) give us (3n, k, λ, µ) = (9, 4, 1, 2). Assume now that X
is not a conference graph. In this case θ is a positive integer, so k must be even. Using (3) and (28)
we find 0 < µ = k(1 − θ/2). Since X is nontrivial this implies θ = 1. Using the well-known Krein
condition for strongly regular graphs (see [17, Theorem 21.3]) we find 4 ≤ k ≤ 10. The integrality of
mθ now forces k ∈ {4, 6, 10}, and the result follows from (3). 
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4. The Abelian case
Throughout this section we let X = TCay(G; A, B, C; R, S, T ) denote a tri-Cayley (3n, k, λ, µ)-
strongly regular graph, where G is an Abelian group of order n. In this case we may apply ordinary
complex characters, extended by linearity to the group ring ZG. For the rest of the paper we let
χ0, χ1, . . . χn−1 be the n irreducible characters of G with χ0 being the principal character. For every
0 ≤ i ≤ n − 1 we let ai, bi, ci, ri, si and ti denote χi(A), χi(B), χi(C), χi(R), χi(S) and χi(T ),
respectively. Observe that if we apply χi to (6)–(11) we obtain the following set of equations:
a2i + |ri|2 + |ti|2 = βai + k− µ (29)
b2i + |si|2 + |ri|2 = βbi + k− µ (30)
c2i + |ti|2 + |si|2 = βci + k− µ (31)
(ai + bi)ri + s¯i t¯i = βri (32)
(bi + ci)si + r¯i t¯i = βsi (33)
(ci + ai)ti + r¯is¯i = βti. (34)
Proposition 4.1. Let X = TCay(G; A, B, C; R, S, T ) be a strongly regular tri-Cayley graph with
parameters (3n, k, λ, µ) over an Abelian group G of order n. Then ai + bi + ci ∈ {3 β±∆2 , 3β±∆2 } for
all i ∈ {1, 2, . . . , n− 1}.
Proof. Pick i ∈ {1, 2, . . . , n − 1} and assume first that ri = si = ti = 0. Then Eqs. (29)–(31) imply
that ai, bi, ci ∈ { β±∆2 }. Therefore ai + bi + ci ∈ {3 β±∆2 , 3β±∆2 } as claimed.
Assume next that ri, si and ti are not all zero. Without loss of generality wemay assume that ri 6= 0.
If si = 0 then also ti = 0 by (33). Using (31) and (32) we find
ci = β ±∆2 , ai + bi = β,
and the result follows.
We now consider the case si 6= 0 (and ri 6= 0). By (34) we have that ti 6= 0 as well. Dividing
(32)–(34) by ri, si and ti respectively, we obtain
β − ai − bi = s¯i t¯iri (35)
β − bi − ci = r¯i t¯isi (36)
β − ci − ai = r¯is¯iti . (37)
Since the sets A, B and C are inverse-closed, the numbers ai, bi and ci are real. It follows that the
numbers on the right-hand side of the above equations are also real. Therefore, multiplying (35) with
(36) and (36) with (37) we obtain that
|ti|2 = (β − ai − bi)(β − bi − ci), (38)
|ri|2 = (β − bi − ci)(β − ci − ai). (39)
Substituting (38) and (39) into (29) we obtain the following quadratic equation for xi = ai + bi + ci:
x2i − 3βxi + 2β2 − k+ µ = 0.
Thus xi = 3β±∆2 and the result follows. 
We have the following corollary for a general (not necessarily Abelian) group G.
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Corollary 4.2. Let X = TCay(G; A,∅, C; R, S, T ) be a nontrivial tri-Cayley (3n, k, λ, µ)-strongly
regular graph over a group G of order n. If |A| = |C |, then either A = ∅ and X is isomorphic to the
Paley graph P(9), or |A| = 2 and X is isomorphic to the complement of the line graph of the complete
graph K6.
Proof. By Proposition 3.6 we have (3n, k, λ, µ) ∈ {(9, 4, 1, 2), (15, 6, 1, 3), (27, 10, 1, 5)}. Note
that in each of these three cases G must be Abelian. Therefore, by Proposition 4.1, ai + bi + ci ∈
{3 β±∆2 , 3β±∆2 } for all i ∈ {1, 2, . . . , n− 1}.
Assume first that A = ∅. Then ai + bi + ci = 0 and therefore ∆ ∈ {±β,±3β}. Hence
(3n, k, λ, µ) = (9, 4, 1, 2). Furthermore, P(9) is the unique (9, 4, 1, 2)-strongly regular graph. The
result follows since P(9) is isomorphic to TCay(Z3; ∅,∅,∅; {1, 2}, {1, 2}, {1, 2}).
Nowassume thatA 6= ∅. Note first that the parameters (9, 4, 1, 2) are not possible since in this case
β = −1, and so (21) forces |T | = 1/2. Moreover, the parameters (27, 10, 1, 5) are also not possible.
Namely, in this case k+β = 6, and so |A| = |C | = 3 by (21). Therefore A contains an involutionwhich
is impossible since |G| = 9. We can thus assume that (v, k, λ, µ) = (15, 6, 1, 3). Since the unique
(15, 6, 1, 3)-strongly regular graph is the complement of the line graph of K6, which is isomorphic to
TCay(Z5; {1, 4},∅, {2, 3}; {0, 2, 3}, {0, 1, 4}, {0}), the proof is complete. 
5. The cyclic case
In this section we assume that G is cyclic. In this case the structure of G is very simple. This allows
us to use the results from previous sections to derive some strong conditions on the parameters
of strongly regular tri-Cayley graph over G. The following technical lemma as well as its proof is a
variation of [23, Lemma 3.5].
Lemma 5.1. Let G be a cyclic group of order n and let D = ∑g∈G dgg ∈ ZG. Suppose that for some
integers x and y we have that χi(D) ∈ { x+y2 , x−y2 , x+3y2 , x−3y2 } ⊂ Z for all i ∈ {1, 2, . . . n− 1}. Then
D =
∑
m|n
αmHm for some integers αm, (40)
where Hm denotes the unique subgroup of G of order m. Furthermore, αm = 0 unless m | 6y or m = n.
Proof. Using a standard argument (see for instance [23, Lemma 3.4]) we find that D is fixed by every
numerical automorphism of ZG. In other words, D = D(i) for every integer i which is coprime to n.
Therefore, if g, h ∈ Ghave the same order inG, then dg = dh. It is noweasy to see thatD =∑m|n αmHm
for appropriate αm ∈ Z, as claimed.
Now let m 6∈ {1, n} be a divisor of n. We claim that αmm = kmy for some integer km. To see this,
first note that
D(m) =
∑
l|m
lαle+
∑
l|n, l-m
αlH
(m)
l , (41)
where e denotes the identity element of G. Let the irreducible characters be ordered in such a way
that χ1 is of order n. Note that χ1(Hl) = 0 for every l 6= 1. Let j ∈ {1, 2, . . . , n − 1} be such that
χm1 = χj. Observe that χ1(D(m)) = χm1 (D). Applying χ1 to (40) and using the above comments we find
that α1 = χ1(D). Similarly, applying χ1 to (41) we find that χ1(D(m)) = χj(D) =∑l|m αll.
By assumption we thus have
∑
l|m, l6=1 αll = χj(D) − χ1(D) ∈ {0,±y,±2y,±3y}. The claim now
follows using induction.
We now prove that αm = 0 for everym 6= nwithm - 6y. Suppose this is not the case and letm be
a minimal counterexample. Let δ = gcd(m, 6y) and let j, ` ∈ {1, 2, . . . , n− 1} be such that χm1 = χj
and χ δ1 = χ`. Similarly as above we find
χ1(D(m)) = χj(D) =
∑
l|m
αll and χ1(D(δ)) = χ`(D) =
∑
l|δ
αll.
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But now the minimality ofm implies that
αmm =
∑
l|m
αll−
∑
l|δ
αll = χj(D)− χ`D ∈ {±y,±2y,±3y},
contradicting the fact that αm does not divide 6y. 
For the purpose of the next two results we introduce the following notation. For a subset D ⊆ Zn
we set D¯ = Zn \ (D ∪ {0}).
Lemma 5.2. Let X = TCay(Zn; A, B, C; R, S, T ) be a nontrivial (3n, k, λ, µ)-strongly regular tricirculant,
where |A| + |B| + |C | ≤ |A¯| + |B¯| + |C¯ |. Assume A∪ B∪ C 6= ∅. If n is a prime or n is coprime to 6∆ then
the sets A, B, C partition G \ {e}.
Proof. We first claim that in both cases A + B + C = α1e + αnG for suitable integers α1 and αn. By
Proposition 4.1 we have χi(A + B + C) ∈ { 3β±∆2 , 3 β±∆2 } for i ∈ {1, . . . , n − 1}. Since ∆ ∈ Z by
Corollary 3.4, we may apply Lemma 5.1, with x = 3β and y = ∆ to D = A + B + C . If n is prime
then the claim follows immediately from (40). If n is coprime to 6∆, then the claim follows from the
second part of Lemma 5.1.
As none of A, B and C contains e, we have αn = −α1. Note that αn ≤ 3 and αn 6= 0 since
A ∪ B ∪ C 6= ∅. Moreover, if αn ≥ 2, then |A| + |B| + |C | ≥ |A¯| + |B¯| + |C¯ |, a contradiction. Therefore
αn = 1 and the result follows. 
Remark 1. Note that the assumption that |A| + |B| + |C | ≤ |A¯| + |B¯| + |C¯ | is not really a restriction
on the graph X since this always holds for one of the two complementary graphs X and X . The same
remark applies to Theorem 5.3.
Theorem 5.3. Let X = TCay(Zn; A, B, C; R, S, T ) be a nontrivial (3n, k, λ, µ)-strongly regular
tricirculant, where |A| + |B| + |C | ≤ |A¯| + |B¯| + |C¯ |. Assume A ∪ B ∪ C 6= ∅. If n is a prime or n is
coprime to 6∆ then there exists an integer s such that the following two statements hold.
(i) If the cardinalities of A, B and C are not all equal, then
(3n, k, λ, µ) = (3(12s2 + 9s+ 2), (4s+ 1)(3s+ 1), s(4s+ 3), s(4s+ 1)) .
If in addition |A| = |C | 6= |B| (which is equivalent to |R| = |S| 6= |T |), then
|A| = 2s(1+ 2s), |B| = (4s+ 1)(s+ 1), |R| = s(4s+ 1) and
|T | = (1+ 2s)2. (42)
(ii) If |A| = |B| = |C | then
(3n, k, λ, µ) = (3(3s2 − 3s+ 1), s(3s− 1), s2 + s− 1, s2).
In this case |A| = s(s− 1) and |R| = |S| = |T | = s2.
Proof. By Lemma 5.2, the sets A, B, C give a partition of G \ {e}. Therefore ai + bi + ci = −1 for
all i ∈ {1, 2, . . . , n − 1}. On the other hand, ai + bi + ci ∈ {3 β±∆2 , 3β±∆2 } by Proposition 4.1. If
ai+bi+ci = 3 β±∆2 , then β±∆ = − 23 , which contradicts Corollary 3.4. Therefore ai+bi+ci = 3β±∆2 ,
and hence
∆2 = (2+ 3β)2. (43)
Set t = β + 1 and note that λ = µ+ t − 1. Using (43) we find that k = µ+ 2t2− t , and using (1) we
find that n = (µ+ 2t2)(µ+ 2t2 − 3t + 1)/(3µ).
To prove part (i) we note that, by Lemma 5.2, the sets A, B, C partitionG\{e}, and so Proposition 3.3
implies that n−1 = |A|+|B|+|C | = k+β . Solving this equation forµwe routinely obtainµ = −2t2
or µ = (2t − 1)(t − 1)/2. Since X is nontrivial we have µ ≥ 1, and therefore µ = (2t − 1)(t − 1)/2.
Note that t has to be an odd integer. Setting t = 2s+ 1 the formulae for parameters n, k, λ, µ follow
from the above equations.
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Assume now |A| = |C | 6= |B|. Then, by (21), |A| = β/2+|S|, |B| = k−2|S| and |T | = k−β/2−2|S|.
By (15)we now find that |S| ∈ {s(4s+1), 4s2+3s+2/3}. Since |S| is an integerwe have |S| = s(4s+1)
and the result follows.
We now prove part (ii). Note that |A| = (n−1)/3. Proposition 3.2 now implies n−1 = k+β∓∆.
This together with (43) gives us two possible equations: n− 1 = k+ 4β+ 2, and n− 1 = k− 2β− 2.
Consider first the equation n − 1 = k + 4β + 2. Solving it for µ we find µ = (2 − 6t − t2 ±√
4− 24t + 36t2 + 9t4)/2. Since µ is an integer we obtain 4 − 24t + 36t2 + 9t4 = m2 for some
non-negative integer m, implying (3t2 + 6 + m)(3t2 + 6 − m) = 32 + 24t . Since m ≥ 0 we have
3t2 + 6 ≤ 3t2 + 6 + m ≤ |32 + 24t|, which implies −5 ≤ t ≤ 8. A direct computation shows
that 4 − 24t + 36t2 + 9t4 is a square only if t ∈ {0, 1}. If t = 0 then k = µ + 2t2 − t implies
k = µ, contradicting nontriviality of X . If, on the other hand, t = 1 then µ ∈ {−5, 0} which is again
impossible.
Consider next equation n − 1 = k − 2β − 2. Solving it for µ we find µ ∈ {t2,−1 + 3t − 2t2}.
However, since µ is a positive integer, we have µ = t2. Now set s = t and note that the formulae
for parameters n, k, λ, µ follow from the expressions for n, k and λ given immediately after (43). By
(20) we find |A| ∈ {s(s− 1), s2 + s− 23 }. Since |A| is an integer, we have |A| = s(s− 1) and therefore
|R| = s2 by (20). 
6. Examples
In this section we give some examples of strongly regular tricirculant graphs. Let X =
TCay(Zn; A, B, C; R, S, T ) denote a nontrivial strongly regular tricirculant.
If A = B = C = ∅ then X is isomorphic to the Paley graph P(9) by Corollary 4.2. For the rest of this
section assume A ∪ B ∪ C 6= ∅.
Case 1. |A| = |B| = |C |.
By Theorem 5.3 the parameters of X are (3n, k, λ, µ) = (9s2 − 9s + 3, s(3s − 1), s2 + s − 1, s2),
where s is an integer. If s = 0 or s = −1 then λ = −1, which is not possible. If s = 1 then n = 1 and
X is isomorphic to the complete graph K3 (which is trivial).
If s = 2 then n = 7 and the parameters of X are (21, 10, 5, 4). It is well-known that
there exists a unique strongly regular graph with these parameters, namely the triangular graph
T (7). It can be easily verified that T (7) is also a tricirculant graph. Indeed, it is isomorphic to
TCay(Z7; {±1}, {±2}, {±3}; {3, 4, 5, 6}, {1, 3, 4, 6}, {0, 1, 4, 5}).
If s = −2 then n = 19 and the parameters of X are (57, 14, 1, 4). However, it is shown in [24] that
strongly regular graph with parameters (57, 14, 1, 4) does not exist.
If s = 3 then n = 19 and the parameters of X are (57, 24, 11, 9). An exhaustive computer assisted
search [2] shows that there are exactly four nonisomorphic strongly regular tricirculant graphs with
these parameters, which we denote by X1, X2, X3, X4 and are given in the table below.
A B C
X1 {±3,±4,±7} {±1,±5,±6} {±2,±8,±9}
X2 {±2,±6,±8} {±3,±7,±9} {±1,±4,±5}
X3 {±4,±6,±9} {±2,±3,±5} {±1,±7,±8}
X4 {±2,±3,±5} {±1,±7,±8} {±4,±6,±9}
R S T
X1 {0, 1, 2, 4, 7, 13, 14, 17, 18} {2, 4, 7, 8, 9, 10, 12, 17, 18} {0, 3, 7, 8, 10, 11, 13, 15, 17}
X2 {0, 1, 7, 8, 9, 11, 14, 16, 17} {3, 4, 8, 11, 12, 13, 15, 16, 18} {0, 6, 7, 8, 9, 11, 13, 14, 15}
X3 {0, 3, 5, 9, 12, 13, 14, 16, 18} {0, 6, 8, 11, 13, 14, 15, 16, 18} {0, 1, 6, 7, 8, 10, 11, 14, 18}
X4 {0, 6, 7, 9, 10, 11, 12, 14, 17} {0, 6, 7, 8, 10, 13, 14, 17, 18} {0, 2, 5, 9, 11, 13, 14, 15, 18}
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The automorphism group of X1 is isomorphic to Z19 and thus X1 is not vertex-transitive. The
automorphism groups of X2 and X3 are both isomorphic to Z3 nZ19. However, X2 is vertex-transitive,
but X3 is not. Finally, the automorphism group of X4 is isomorphic to Z9 n Z19, and X4 is vertex-
transitive. None of these four graphs is edge-transitive.
If s ≤ −3 or s ≥ 4 then n is too big even for the computer assisted search.
Case 2. |A|, |B| and |C | are not all equal.
It can be seen that the smallest value n for which there exist pairwise distinct values for |A|, |B| and
|C |, which satisfy Eqs. (12)–(17), is n = 68. However, in this case the exhaustive search for all possible
tricirculants is too demanding even for a computer. Fromnowonwe therefore assume |A| = |C | 6= |B|.
By Theorem 5.3 the parameters of X are given by (3n, k, λ, µ) = (3(12s2 + 9s+ 2), (4s+ 1)(3s+
1), s(4s+ 3), s(4s+ 1)). If s = 0 then X is isomorphic to 3K2, and is thus trivial.
If s = −1 then n = 5 and the parameters of X are (15, 6, 1, 3). Combining together Theorem 5.3(i)
and Corollary 4.2we have that X is isomorphic to the complement of the line graph of K6. In particular,
X ∼= TCay(Z5; {±1},∅, {±2}; {0, 2, 3}, {0, 1, 4}, {0}).
If s = 1 then n = 23 and the parameters of X are (69, 20, 7, 5). A computer assisted search among
tricirculants reveals that no such graph exists.
If s ≤ −2 or s ≥ 2 then n is too big even for the computer assisted search.
Acknowledgement
The authors are supported in part by ‘‘Agencija za raziskovalno dejavnost Republike Slovenije’’,
research program P1-0285.
References
[1] B. Bagchi, On strongly regular graphs with µ ≤ 2, Discrete Math. 306 (2006) 1502–1504.
[2] W. Bosma, J. Cannon, C. Playoust, TheMagma algebra system I: The user language, J. Symbolic Comput. 24 (1997) 235–265.
[3] W.G. Bridges, R.A. Mena, Rational circulants with rational spectra and cyclic strongly regular graphs, Ars Combin. 8 (1979)
143–161.
[4] A.E. Brouwer, R.M. Wilson, Q. Xiang, Cyclotomy and strongly regular graphs, J. Algebraic Combin. 10 (1999) 25–28.
[5] K. Coolsaet, J. Degraer, Classification of some strongly regular subgraphs of the McLaughlin graph, Discrete Math. 308
(2008) 395–400.
[6] K. Coolsaet, J. Degraer, E. Spence, The strongly regular (45, 12, 3, 3) graphs, Electron. J. Combin. 13 (2006).
[7] J.A. Davis, Partial difference sets in p-groups, Arch. Math. 63 (1994) 103–110.
[8] J. Deutsch, P.H. Fisher, On Strongly Regular Graphs with µ = 1, European J. Combin. 22 (2001) 303–306.
[9] N.C. Fiala, W.H. Haemers, 5-chromatic strongly regular graphs, Discrete Math. 306 (2006) 3083–3096.
[10] D.G. Fon-Der-Flaass, New prolific constructions of strongly regular graphs, Adv. Geom. 2 (2002) 301–306.
[11] C.D. Godsil, Algebraic Combinatorics, Chapman & Hall, New York, 1993.
[12] C.D. Godsil, G. Royle, Algebraic Graph Theory, Springer-Verlag, New York, 2001, GTM 207.
[13] N. Hamilton, Strongly regular graphs from differences of quadrics, Discrete Math. 256 (2002) 465–469.
[14] K.H. Leung, S.L. Ma, Partial difference triples, J. Algebraic Combin. 2 (1993) 397–409.
[15] K.H. Leung, S.L. Ma, Partial difference sets with Paley parameters, Bull. London Math. Soc. 27 (1995) 553–564.
[16] Y.I. Leifman, M.E. Muzychuk, Strongly regular Cayley graphs over the groupZpn⊕Zpn , DiscreteMath. 305 (2005) 219–239.
[17] J.H. van Lint, R.M. Wilson, A Course in Combinatorics, Cambridge University Press, 2001.
[18] A. Malnič, D. Marušič, P. Šparl, On strongly regular bicirculants, European J. Combin. 28 (2007) 891–900.
[19] D. Marušič, Strongly regular bicirculants and tricirculants, Ars Combin. 25C (1988) 11–15.
[20] Š. Miklavič, P. Potočnik, Distance-regular Cayley graphs on dihedral groups, J. Combin. Theory Ser. B 97 (2007) 14–33.
[21] M. Muzychuk, A generalization of Wallis–Fon-Der-Flaass construction of strongly regular graphs, J. Algebraic Combin. 25
(2007) 169–187.
[22] R. Peeters, Strongly regular graphs that are locally a disjoint union of hexagons, European J. Combin. 18 (1997) 579–588.
[23] M.J. de Resmini, D. Jungnickel, Strongly regular semi-Cayley graphs, J. Algebraic Combin. 1 (1992) 171–195.
[24] H.A. Wilbrink, A.E. Brouwer, A (57, 14, 1) strongly regular graph does not exist, Indag. Math. 45 (1983) 117–121.
